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Convergence? Consensus? Rate of convergence?

Graph of interconnection G: Fixed graph G or time-varying G(t)
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Graph of interconnection G: Fixed graph G or time-varying G(t)
We consider state-dependent interconnection graphs G(x(t))



Agents with state-dependent
Interactions

Vincent Blondel

May 2009
Lund University



Vicsek’s model (1995)

e Agents in the plane, same speed but different headings
* Neighbors If distant by less than R
* Headings updated by averaging neighbors headings.



Vicsek’s model (1995)

e Agents in the plane, same speed but different headings
* Neighbors If distant by less than R
* Headings updated by averaging neighbors headings.



Vicsek’s model (1995)

e Agents in the plane, same speed but different headings
* Neighbors If distant by less than R
* Headings updated by averaging neighbors headings.







VOLUME 75, NUMBER 6 PHYSICAL REVIEW LETTERS 7 AUGUST 1995

Novel Type of Phase Transition in a System of Self-Driven Particles

Tamas Vicsek,!? Andréis Czirék,' Eshel Ben-Jacob,? Inon Cohen,? and Ofer Shochet®
' Department of Atomic Physics, Eétvés University, Budapest, Puskin u 5-7, 1088 Hungary
Institute for Technical Physics, Budapest, P.O.B. 76, 1325 Hungary

38chool of Physics, Tel-Aviv University, 69978 Tel-Aviv, Israel
(Received 25 April 1994)

(a) & “, N F (b) Y
SRA S ARCTCTEREI 4 £ B3
7

5 b
SO T 2, e £ ,
)*\-P> w A w%"ﬁ ) "R

ﬁ“ W &0 mﬂr\:'& f v ‘% ‘\j
o s PN A vl
é BT o o :
47 % %ﬁ«v‘?"/ “ ;,%; ~ F
. @ o I 44 A Al
& g‘%\v“ﬁ g “*(%4 ‘E“Nﬁ{f "% M 4,.;;:’ ) /&{ML
ibf) o u?“”f j,,; ” ﬁt 7 ku
T ﬁﬁu,:.@ B -2 w&&igfg e
<~ ) g
C A pe o d A
(©) o T T ), ””%ﬂf1ﬁ’?? ", '\t
- 4 \'F =
-.'i\‘ :‘k‘-m"" &-4"&3 DA ﬁf‘ﬁ J‘»{f]‘l‘ ’ h}?ﬁ 0 P{’PT?’t
n o<k NG hexs TN .e'ig ff\ f f ﬁfm rﬂﬁ ! M’
€y 200 & Mg J; oy f”f d Mgt
N € ~ &
%?— e &M‘k:} :%{ a) P t ff H f” ﬁ;”p h
SIma X R O ; HPM"P /’ i
Ts’;ﬁmﬁ:“ v s f AT %“1 g
’\mlﬁ AKE E“’*— ;s . f f {ﬂ féﬂ” | 1;5\
N ONCEY e AL, ,% r



Krause’s model (2002)

Agents in the plane move to the center of mass of
those at distance < R.
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Krause’s model in 1D
Opinion dynamics

N agents each having a real “value/opinion”, synchronously
updated by averaging other opinions distant by less than R=1

Mixing beliefs among interacting agents

Advances in Complex Systems, 2001

Guillaume Deffuant”, David Neau™, Frederic Amblard®
and Gerard Weishuch*

Lhe raticnale for the threshold condition 1s that agents only interact when thesr
opimon are already close enough; otherwise they do not even bother to discuss. The
reason for such behaviour mught be for mstance lack of vnderstanding, conflicts of
interest or social pressure. Although there 15 no reascon to suppose that openness to



Krause’s model in 1D
Opinion dynamics

N agents each having a real “value/opinion”, synchronously
updated by averaging other opinions distant by less than R=1
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Continuous time version

i(t) = D (5 (t) — (1))

gz (t)—z; ()| <1



1 ~ 2.2

> twice interaction
distance

15

Initial opinions equidistantly distributed on [0, 10]



Number of clusters?

Equidistant initial distribution on an interval [-L/2,L/2]

- L/2 0 L/2

l 5000L agents
o0 0 0 0 ¢ o —0 0 0 0 ¢ >

Incremental values of L



20

10

N
o
I

N
S
[

M"“‘,#"
p/: .

-
-
‘¢‘ 0'3*’”00**noMﬁﬂnﬂﬂwﬁ‘ﬂ”ﬁn*ﬁ

-

N\: - 0#‘9' o\fm*.*onMounﬂuWﬂufnﬁc
h ™

”‘\\"

“'#ﬂﬂq,

-N"t'

*

A A

-

g iy

10

20



Distance between clusters ~ 2.2

WHY 7?7

Equilibriums with distance ~ 2.2 more stable ?
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Equilibrium destroyed

by a few agents

«Temporarily two clusters

Interaction with a few Isolated agents

= merge




Equilibrium destroyed
by a few agents

Weight a ) )
(# agents) “cluster” cluster
Isolated agents
= | 4='
> X
- ~ AL N Y
<1 <1
N /
e
After some time >1 Impossible if separated
> merge by more than 2
|
N Y, >
~



Stability multi-agent equilibrium

T;(t) = Z w; (z(t) — x4(t))

jilwa(8)—a; (1) <1

Equilibrium stable if largest perturbation resulting from
addition of agent of small weight is small



Stability multi-agent equilibrium

Unstable:
Addition of arbitrary small

agent between clusters
results in a merge

> >
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e

1.5



Stability multi-agent equilibrium

Unstable:
Addition of arbitrary small
agent between clusters
results in a merge
| .
- _/
'
1.5
Stable: Deformation < O(g)
L _




Inter-cluster distance for stabllity

Theorem: An equilibrium is stable if and only If every
two clusters A, B are separated by more than
14 min(Wxa,Wg)
" max(Wa,Wg)

W ,,Wg : cluster weights

Corollary: At a stable equilibrium with W, = Wg, the
Inter-cluster distance must be at least 2.



Convergence to unstable
equilibrium possible

log(t)



Convergence to unstable
equilibrium possible

1A

3y ~1.6<?2
Unstable




Large number of agents leads to a
stable equilibrium

Same distribution




Conjecture

For any given “smooth” agent distribution,
P(convergence to stable equilibrium) =2 1 when n 2 o

Supported by

« Extensive numerical simulations
» Results for continuous time for continuum of agents



Continuum of agents

Discrete agents Continuum of agents

Opinions ..
P Opinions  z:[0,1] = R
reR" or z:{1,...,n} - RN

| | ‘/




Discrete agents:

d
0= 2 (@O-u)

gilei(t)—z;(t)[<1

Continuum of agents:




ixt(a) =

- (@(8) - m(@))

/B:I:vt(a)—wt(ﬁ)|<1

Theorem: If the initial condition is regular, then there
exists a unique solution, x, is regular for all t and

lim; o0 ¢ () = s(a)
with s piecewise constant

Theorem: For any two clusters of
s = lim,__ X;, the Inter-cluster distance is at least
equal to o min (Wa, Wg)

max (W, Wg)




Summary

o Simple (simplest?) multi-agent system with
state-dependent communication topology.

* Proof of convergence and non-trivial
clusters separation distance for a continuum
of agents.

e Conjecture of a similar property for discrete
agents.



Open problems

 All simulations show that a cluster
separation of 2.2 arises from the dynamics.

 Hegselmann conjecture: only one cluster if
sufficiently many agents.

e 2D case unexplored.
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