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Introduction

Linear state estimation using multiple sensors is a commonly
performed task in e.g. radar tracking, industrial monitoring, remote
sensing, wireless control systems, mobile robotics

Many systems nowadays use digital communications

2 Analog signals need to be quantized

Wireless channels are bandwidth limited

2 Sensor network applications: severe bandwidth limitations

Characterize the trade-off between estimation performance and
quantization rate (extension of the traditional rate-distortion theory)
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Estimate a discrete time linear system

Sensors transmit quantized innovations

2 For unstable systems, states become unbounded while innovations
remains of bounded variance

In our work, we establish a relationship between quantization rate

and estimation error for linear dynamical system in a multi-terminal

setting, in the case of high rate quantization
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Introduction — Related Work

Similar ideas of quantizing the innovations have been previously considered

[Nair&Evans,04] - Single sensor, stable scheme but performance difficult to
analyze

[Msechu et al. 2008], [You et al. 2011] — Estimator not stable for unstable systems

[Sukhavasi and Hassibi, 2011] — Single sensor, particle filter based scheme,
performance difficult to analyze

[Fu and deSouza, 2009] — Single sensor, logarithmic quantizer, proof of stability
for bounded noise

Information theoretic multi-terminal estimation: CEO problem
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The CEO Problem

Simplified single-hop setup: multiple sensors communicating with a

fusion centre ove bandW|dth constraine
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The CEO Problem

Original Results: Viswanathan and Berger [1996] for an i.i.d. scalar
Gaussian source

Rate distortion region: Oohama [1998] for an i.i.d. scalar Gaussian
source

Recent extensions to vector sources and correlated noise across
Sensors

Most of these results apply to memoryless sources (at most
stationary) and require source coding over asymptotically large
block lengths

Cannot be applied to linear dynamical systems (which have memory
and may be unstable) or systems where coding over large numbers
of blocks may not be feasible (delay-sensitive applications e.g.
wireless control)
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Multi-terminal state estimation for linear
dynamical systems with rate constraints

= Basic ideas: quantize the innovations (requires smart sensors
who can perform their own Kalman filtering) at each sensor

= Apply high rate quantization theory (although in theory this only
applies at high rates, performance is quite good at moderate
rates (3-4 bits per sample))

=  We will study the single sensor case first, followed by multiple
sSensors

= Difficulty: static quantization may not result in a stable estimate
for unstable systems, need to use dynamic quantization

= Assumption: Fusion centre has knowledge of system
parameters
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Single Sensor

Vector system Trr1 = Axk + wg
Scalar sensor measurement ;. = Cxp + vg

Without quantization, optimal estimation given by Kalman filter

57]12{&—1 - Aiziukq
CEZ{I@ — 52'sz—1 + Kiljf(yk - Ci’;{k—l) — iﬁfk—l + Kfif@f;’f
K = Pyl CcT(CPy_ CT +5,)!

Pﬂﬁiq — AP:fuk—lAT + 2w
P, = Py Pt CT(CP,_,CT+5) 7 CP

Innovations process -k ~k k T
P ykf Ly — C’xk\fk_l ~ N (0, C’PMJ;_lC + Xy)
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Single Sensor — Quantized Filtering
Scheme

Quantized filtering scheme (at both sensor and fusion centre)

Trik—1 = ATp_1k-1
Tk = Trjg—1 T Kileg (yk — (ljjkk_l)
Kip = Pyp1C"(CPyj—1CT + Sy + Sn )
Prir—1 = APk—1|k—1AT + 2w
Py = P —Prp1CT (CPypa O + 50+ 50 1) T 'CPyjk—1

lkq(yk—cimml) IS quantization of the “innovations”
; ls

IS scaling factor for adaptive “zooming” quantizers
[3 g gq

2 if quantizer saturates, can “zoom out”

2 used to prove stability for unbounded (Gaussian) noise

5 is an extra term to account for quantization noise variance
n,k
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Single Sensor — Quantized Filtering
SCREMSnand £ = 1,

89
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Assume y;, — C'iy 1 is approximately N (0, CP.CT + %,)

Can use a uniform quantizer of N levels

2 Asymptotically optimal quantizer range and distortion given in
[Hui&Neuhoff,2001], can then obtain 3, , = 5N(CP]COT+Z’U)

where 4In N
W= 3NE

2 Can generalize to lattice vector quantizers

Can also use an “optimal” Lloyd-Max quantizer of N levels (optimal

for Gaussian distribution) 3

0 Canobtainy, , = dn(CP,CT+3X,) where v = 533

2 Difficult to generalize to vector quantizers (optimal quantizers not known
in general)

Quantizer of [Nair&Evans,04] — Can be used but performance

difficult to analyze
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Single Sensor - Stability

= Choose
Ik = [|C||lk + dy
Ik = ||A(I — KxC)|[l—1 + duw + [|AKg||dy + || AKL]|(||C|[lk—1 + du) s (wi—1)

withd,, >0 andd, > (0 being constants, and

K(wp) = SV jl\lle , quantizer not saturated
In(N) , quantizer saturated
= Define fr = xp — j}k|k—1
= Theorem:

E[|| fx||?] is bounded V& for sufficiently large N.
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Single Sensor — Proof of Stability

Sketch of proof

Similar to [Nair&Evans,04], consider an upper bound to E[|| fx||*]

' b
IVENOY 1t Ll 2 VELZ 4 [fulPre L

for some random variable L>0 and some e > (0

Can then show the following Lemma:
1X — Lg (£)  L(Q)[]s < gz [1X, L

where - is a constant that depends only one and N
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Single Sensor — Proof of Stability

Using the lemma and similar arguments from [Gurt&Nair,09], can
then derive the recursive relationship

s sl < (114G = KuO)| + 1Kl e ) 1k Bl

¢
s dull + 4K (14 s ) ol

|wh, du || @D ||y, dy||. €aN be upper bounded by constants

Since || 41 — K,0)|| < 1-and g, — i » We have
q
Al — K AKLl. 1
(I14(7 = KO+ ARl rs ) <
for N sufficiently large, which proves that||fk’ [k||* . and hence
E[ka”?] . is bounded for all k
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Single Sensor — Choice of scaling factors

Recall
I = [|A(I — KiC)||lk—1 + duw + ||AK||dy + [|AKL]|(|C|1lk—1 + do)k(wr—1)

Choice of dv and dw can affect performance

If we choose 1—||A(I—=KC)||=||AK||.||C||kmin—]|C]|duw

v = T=[JAU—K )|+ AK].I[CT]

where K is the steady state value of Kk ands,,,;, = 2N then
I ~ 1 for large N
2 Reason: For large N, quantizer saturation is rare. Choice of dv ensures
that e — 1 when saturation doesn’t occur.
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Single Sensor — Asymptotic Analysis

Pk is an approximation to the mean squared error
As k — o0, P, — P, satisfying

AP CT(CP CT432,) " LC P AT
Py = AP AT 43, — A= C (EFC th0) C

V3 : ..
where §y _{ 421]1;,]2\] ) optimal quantization

Sxz > optimal uniform quantization

Assume high rate quantization (or large N) and analyze behaviour of
P, with N

Difficulty - no closed form expression for p in vector systems
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Single Sensor — Asymptotic Analysis

T T Efu —1 POOAT

Technique used - Extend method for finding asymptotic solutions to
algebraic equations in perturbation theory to matrices

Write P, as P :(I)Q+5N(I)1—|—5]2V(I)2+...
where g, @, ... are matrices not dependenton N

Substitute p __— ¢, + 5, ®; + 52,3y + ... into equation above
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Single Sensor — Asymptotic Analysis

= QObtain
g+ 6Py + - = A(Dg +onDPy + ... )AT + 5,
—A((I)0+5N(I)1+...)CT(C((I)Q+5N(I)1+...)CT—FZU)_l
1
Oy + oDy +...)AT
x C(Pg + InPy + ) T+ on

= A(Dg+onD1+.. AT +2,—A(Bg+5D;+...)CT
x [(COoCT +3,)7 1 = n(CPCT +3,)71CP,CT(CPCT +2,) ...
X C((I)0+5N(I)1+...)AT(1—5N—|—...)

“ Collect terms of same order to solve for ¢, ¢,
b 2t
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Single Sensor — Asymptotic Analysis

Collecting “constant” terms:

by = AP AT + 3, — ADCT(CPCT +%,) " 1CPAT
Algebraic Riccati equation, can solve for ®g

Same equation as satisfied by p%/, the steady state error

covariance in the case of no quantization
Collecting O(5,) terms:

By = (A— ADGCT(CBCT + %,)7'C) &y (A — ADCT(CBCT +5,)7'C)"
+ A CT (CPCT +3,) T CDAT

Lyapunov equation, can solve for g,
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Single Sensor — Asymptotic Analysis

= Therefore

Py = PN 4 55®) + ...

where Sn = ng , optimal quantization
43% , optimal uniform quantization
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Multiple Sensors

Sensors
y7,k q, (yl,k)
Process/ .
: Fusion | X«
X, ) Center |
\ . qM(y/M,k)
yM,k
Vector system Tri1 = Axp + wg

M sensors with scalar measurements

yi,k:C@xk—kvi,k, v=1,.... M

Detectability at all sensors assumed (without this, the problem is
much harder and currently under investigation)
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Multiple Sensors — Decentralized Kalman Filter

In the case with no quantization, [Hashemipour et al. 1988]
2 Sensors run individual Kalman filters using local information
2 Fusion centre combines local estimates to form global estimate

0 Global estimate same as fusion centre having access to individual
sensor measurements

aRf _ pnkf

Trlk—1 k—1|k—1
M
kf _ pkf{pkf kS kf ' kf kf~' Lkf
Ll _Pk|k(Pkk1mk|k1 +Z{P@',k|k mi,kk_Pz',lclclaji,Mkl})
=1
kf kf T
Pk[k—l - APk—1|k—1A + 2y
Ef _ pkf Ef T kf JE - | kf
Pﬁc[k - Pk\k—l_Pk\k—lc (CPklk—lc + o) CPIc|k—1
kr o skf pkf pkf o @re local quantities computed at individual
ik k+10 i k|l L k|k+10 i k| k

Sensors
0 Can be reconstructed at fusion centre if sensors send local innovations
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Multiple Sensors - Quantized Filtering Scheme

"  Modify the scheme of [Hashemipour et al. 1988]
= [ndividual sensors run:

Ti k-1 = AT p—1|k—1

. ) Yik — CiZs p|k—1
Tk = Tiklk—1 T Kikli ki k

by
Kik = Pigjp1Cl (CiPigo1Cf + Siw + Zink)
Piph—1 = AP, 151 AT+ 5,
Pk = Pigpe1 — Pig1C (Ci P g k-1Cf + Bio + Bink)  CiPigpr1
= Fusion centre runs:

Thik—1 = ATp_1k—1

M

Tk ZPkk(Pﬁ_@kk—1+Z{P{§|kii,kk—P?;,_kﬁk_lfffi,kk—l})
i—1

Pyjim1 = APy_1 1 AT + 3y

Pyk = Prppa— Prp1 C(C P 1 CT+ 50+ 50 1) T'C Py i
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Multiple Sensors - Quantized Filtering Scheme

Sensor i uses either asymptotically optimal uniform quantizer of Ni
guantization levels or “optimal” quantizer of Ni quantization levels

We have %, 1 =i n, (CiP;xCF + Xi0)

where
;T}@ ) optimal quantization
57;’Ni — 4 In N . . ] _
=Sn2- » optimal uniform quantization

li,k are updated as in single sensor case

Provided that Niis sufficiently large that the filter is stable when
restricted to any single sensor, then stability of the quantized filtering
scheme for multiple sensors will also hold.
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Multiple Sensors — Asymptotic Analysis

Study the behaviour of P, as N; — 0o, Vi

From analysis of single sensor case, we have
k
P’.i,oo = Pz,fo + 0 (5i5Ni)

Making use of this result and similar techniques to single sensor
case, can find that

M
P = P;Cof + Zizl 51?,N¢(I)1,’i -+ Zi,j 0(51,]\]7 (53',]\]3.)
where ¢, ; satisfy Lyapunov equations
T
Oy ;= (A — A0, CT(Co,CT + zv)—lc) ;. (A — A, CT(CD,CT + zv)—lc)
+ AP CT(CO,CT + 2,)7LF(CPCT +5,)1CPAT
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Multiple Sensors — Rate Allocation

Want to allocate a total rate Rt amongst the sensors
Sensor i has rate R; = log,(N;)

One possible formulation is to minimize trace of asymptotic
expression for p__ subject to

M
Z R’L — Rtot

1=1

Will obtain discrete optimization problems
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Multiple Sensors — Rate Allocation

For uniform quantization, the discrete optimization problem is

M
min tr( P + E =
Riy,...Rp€ZT ( OO) — 22R ’

where ¢; = H2241(P, ;)

If we relax assumption that Ri is integer, have the problem

M e;o; R i
; kf 2 : 1 Lltot Z L e
al:f]':}zlaré{]\/f tr(POO ) —l_ i—1 ZzaiRtot ? S.t' — &7’ 17 a% — 0
1= =

However, this relaxed problem is still non-convex
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Multiple Sensors — Rate Allocation

For optimal quantization, the discrete optimization problem is

Mo

. (2
min  tr(P*) + E o,
Ry,....RMELt 2% P

where now ¢e; = %gtr(cbu)

If we relax assumption that Ri is integer, have the problem

min tr(Pkf —1—222@&” s.t. Zaizl,aizO

(AT FV ) ;
=1 =1

Lemma: The optimal solution to relaxed problem is

| 1 i
i = 3 T 3R, log, (HM eej)l/M

j=1""
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‘ Numerical Studies

= System parameters:

1.2 05
A‘[ 0 1.1]’ Y =1

= Single sensor case:

c=[1 1], S,=1

= Two sensors case:
Cir=[1 1], S,=1
Co=[1 1], 9,=02
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Numerical Studies

= Single sensor, uniform quantizer

7.6 : . ,
— o Monte Carlo
= tr(P
7.41 ( oo) 4
q —7— Asymptotic tr(P )

-
&
X
&
X
o
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Numerical Studies

= Two sensors, optimal quantizer, NT=N2=N

59

— & Monte Carlo
5.8 —8— tr(F’m)
—s7— Asymptotic tr(P )

541

tr E[(xk i Ruki 1)(Xk i Ruiki )" ]

o
w

o
N

o
[EEN

N
N
(6]
w
w
(631
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N
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(921
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Numerical Studies

Two sensors, uniform quantization
Rate allocation, R;,; = 8

R; | Ry | Monte Carlo | tr(Px) | Asymptotic tr(Px)
2 6 5.242 5.2181 5.2232
3 5) 5.237 D.2177 5.2179
4 4 5.247 5.2408 5.2405
D 3 0.322 5.3166 5.3212
6 2 0.985 5.4886 5.5271
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Numerical Studies

Two sensors, optimal quantization
Rate allocation, R;,; = 8

R; | Ry | Monte Carlo | tr(Px) | Asymptotic tr(Px)
2 6 5.474 0.2213 5.2321
3 5) 0.219 5.2119 5.2124
4 4 5.240 5.2290 0.2289
D 3 0.315 5.3136 5.3185
6 2 6.306 0.0996 5.6829

Solving the relaxed problem gives .« _ 3798 o* — 0.6202 -
corresponding to rates p« _ 3 4334 }_-g; _ 4.96£4 ’
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Conclusions and further work

Derived asymptotic expression relating estimation error with
guantization rates of sensors

Sketched a proof of stability of the scheme
Considered a rate allocation problem

Further areas of investigation

2 Packet loss and high rate quantization

2 Vector measurements: dynamic quantization for lattice vector quantizers
2 Detectability at all sensors a strong assumption
a

Low data rates?
Proof of stability here holds for sufficiently high bit rates
May need different schemes to achieve stability for lower bit rates

Tradeoff between estimation performance and data rate for rates close to
minimum bit rates
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