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Motivation: Automatic Driving System

0ZRC: Dedica ted S her-Ra nge Coanunloailcns
WI—F1: Ylne less Fide Iy

WL i wide e pend By for MIlC s ve Bocass

n{ng—"yehick
Camnmunloailcas:
Zlueicoin, Wi—FI

e med

Roadslde ualf

A Fiqure 2. Wireless techneolegies for future wehicular communications.




Motivation: UAV (Unmanned Aerial Vehicle)
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Motivation: Biological System

Prosomnal
S~ Oy W)

-
< ,_.d»jr "
L
=5 e NUCLEUS
— i)
L : wiw/f-catenin pathway
@ :v‘)‘\(n;"w‘)')}"’ Aot o) 6&" {_‘ o Rigromey Neurogenesls
L 5. LB R Signaling Pathways: Notch | Shh | f-catenin



Traditional System vs Modern System
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Main Difference: Distributedness



Decentralized LQG Problem

zin + 1] = Axn| + Byuin| + - - - + Bpup|n| + wn|
y1|n| = Crzn] 4+ vi|n]

Ym(n] = Cnm [ |+ vm[n ]
inf hmsup— Z Elx*|n|Qz|n] + Z u; () R n|]

Uj
N—00 O<n<N 1<i<m



* Centralized LQG Problem
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Two Lessons
* Linear Controller is Optimal (Finite-Dimensional Solution)
 Estimation-Control Separation
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* Centralized LQG Problem
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Two Lessons
* Linear Controller is Optimal (Finite-Dimensional Solution)
 Estimation-Control Separation

—> Linear Controller is also used for Nonlinear Systems

—> Adaptive Controllers also use Estimation-Control Structure
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Negative Results
* Linear Controller is Not Optimal
 Estimation-Control Separation does Not hold



 Decentralized LQG Problem
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As Optimization Problem

* Infinite Dimensional Optimization problem
* Non-convex problem

* Curse of Dimensionality from Dynamic Program



e Decentralized LQG Problem

Why it is hard?
* Implicit Communication between Controllers
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History

Decentralized LQG Problem

Control Communication
Linear is Optimal, Convex Problem Nonlinear is Optimal, Nonconvex Problem
Radner
(Team Decision Problems) Witsenhausen

(Counterexample)

Nested Information Pattern

[Witsenhausen, Ho, et al.] negative results or computer-
based search ...

Quadratic Invariance

[Swigart, Lall] Approximated Optimal Solution
[Grover]

Spectral Factorization

[Lessard, Lall]

Partial Ordering Set
[Shah, Perrilo]

Implicit communication is not helpful Implicit communication is helpful



e Radner’s Problem
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* Linear is optimal
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* Linear is Not optimal



e Radner’s Problem e Witsenhausen’s
Counterexample
y1[0] = z[0] + v1[0] No y1[0] = (0] + vy [0]

Receiver —->

z[0] z[2]
L - - gl
— 10 0 ' ya|l] = (1] + vo|1]
15[0] = z[0] + v5][0] Receiver eceivar
min E[z[1]* + r1uf[0] + rous[0]]  min E[z[2]? + riu?0] + rous[l]]
Uy,u2 uy,u2
* Linear is optimal * Linear is Not optimal
 Implicit Communication is  Implicit Communication is

Impossible possible



Simplest Infinite-horizon LQG Problem

General Infinite-horizon Decentralized LQG Problem
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Simplest Infinite-horizon Decentralized LQG Problem:
Two Controller, Scalar Plant
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Learn from Wireless Communication Theory

Decentralized LQG Problem MIMO Communication Problem
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Linear Super-position of Signals, Gaussian Disturbance

Divide Cases: Divide Cases:

(1) High-SNR (Signal-to-Noise Ratio)

- d.o.f. gain (rank of signal) is
important

- Rank maximization scheme

(1) Fast Dynamics
- When |a|>4

(2) Slow Dynamics

- When |a|< 4 (2) Low-SNR (Signal-to-Noise Ratio)

- Beam-forming gain (power of
signal) is important

- Maximum-Ratio combining
scheme




Fast Dynamics Case (When |a|24)

* Nonlinear Controller can infinitely outperform
Linear Controller

* We will propose approximately optimal finite
dimensional nonlinear controller.

 Main machinery: binary deterministic model



Binary Deterministic Model (Avestimehr et al.)

 Main idea: Write a number in binary
expansion

— Ex) Real Numbers
1/2=0.1
m = 11.001001..




Binary Deterministic Model (Avestimehr et al.)

 Main idea: Write a number in binary
expansion

— Ex) Real Numbers
1/2 =0.1
7 = 11.001001..

— Ex) Random variables
Uni £]0,1] = 0.bybybs...

UTLZf[O, 4 = blbg.b3b4b5...
where b; are i.i.d. Bernoulli 1/2




Binary Deterministic Model (Avestimehr et al.)

* Second Idea: Approximate Gaussian r.v. by
Uniform r.v.

UTLZf[O, 4] — blbg.bg...

N\
</

N(0,4%) = byby.bs...

Gaussian with zero mean and variance 42



Binary Deterministic Model (Avestimehr et al.)

* Third idea: Ignore Carry in Addition and
Subtraction

Let A~ N(0,4%) and B ~ N(0, 8)
A= ai1ds.ds...

—+ B = b1bybs.by4...
A+ B = bl(@l S, bQ)(CZQ S, bg).(&g S, b4)




Binary Deterministic Model (Avestimehr et al.)

* Third idea: Ignore Carry in Addition and
Subtraction

Let A~ N(0,4%) and B ~ N(0, 8)
A= ai1ds.ds...

—+ B = b1bybs.by4...
A+ B = bl(@l S, bg)(ag S, bg).(&g S, b4)

A= a1a9.4s...
— B = b1b2b3.04...
A— B = b1<a1 S, bg)(ag S, bg).(@g S, b4)




Binary Deterministic Model (Avestimehr et al.)

* Fourth idea: Multiplication and Division by a
constant is bit-shift.

Let A ~ N(0,4%)
A= a1a-.as...
Then
4. A= a1a20304.45...
A/4 = 0.a1aza3a4a5...



Witsenhausen’s Counterexample

e
yo[1] = x[1] + vo[l]
min E[z[2]* + mu?]0] + rous[1]]

uy,u2




Witsenhausen’s Counterexample (Glover et al.)

Linear Scheme

(0]

X01

floating 02

X4




Witsenhausen’s Counterexample (Glover et al.)

Linear Scheme

z[0] w0

01 0
floating L02 U
point To3  To1

L4 L2




Witsenhausen’s Counterexample (Glover et al.)

Linear Scheme

z[0] w0 [l

X1 0 L11
floating L02 0 L12
L4 X2 14

Yo|1] = 2112712 (213 B v91) (213 B V92)



Witsenhausen’s Counterexample (Glover et al.)

Linear Scheme

z[0] w0} 1] us|1] z[2

01 0 11 T11 0
floating 02 0 12 - .
point To3 o1 T13 T3P v vy

Toa  Toz T4 T4 DV |vg

Yo|1] = 2112712 (213 B v91) (213 B V92)



Witsenhausen’s Counterexample (Glover et al.)

Nonlinear Scheme

z[0]  w0]

01 0
floating 02 0
point To3 o3

L4 L4




Witsenhausen’s Counterexample (Glover et al.)

Nonlinear Scheme

z[0] w0 [l

X1 0 T11
floating L02 Y 12
point Toz  xo3 U

Toa  woy U

Yo|1] = 211212.V91099



Witsenhausen’s Counterexample (Glover et al.)

Nonlinear Scheme

z[0] w0 (1] usl1] z[2]

ror 0 T11 11 0
floating L02 0 L12 12 0
point 03 203 0 0 0

roy  xzosa U U 0

Yo|1] = 211212.V91099



Witsenhausen’s Counterexample (Glover et al.)

e From deterministic model to Reals

Controller 1

y110] = 201702203704 mmmm) u;[0] = 00203704

Controller 2

y2[1] = L11212.V21V22 ‘ uz[l] = 211212.00



Witsenhausen’s Counterexample (Glover et al.)

e From deterministic model to Reals

Controller 1
y110] = 201702203704 mmmm) u;[0] = 00203704
u1]0] is the remainder of y1[0] divided by 1

u1(0] := Ri(y1[0])

Controller 2

192[1] = L11212.V21V22 ‘ uz[l] = 211212.00
us|1] is the quotient of (1] divided by 1

us[1] := Q1(y2(1])




Linear Controller
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Linear Controller
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Linear Controller
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Nonlinear Controller
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Nonlinear Controller
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Nonlinear Controller
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Nonlinear Controller

z[n + 1] = 4z[n] + ui[n] + us[n] + win] | wn] ~ N(0,1
2
y1|n] = x|n va[n] ~ N(0,27)
yln) = xln] + vafn Effn]] < 22
Icrz)r:ll;traint forlime 1 Time 2 Time 3 Time 4
controller 1
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Nonlinear Controller

Input

constraint forfime 1

controller 1

Noise
level for

controller 2

b

floating
point

Time 2 Time 3 Time 4
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The corresponding scheme for the Reals

1-Stage Signaling Strategy Lg;g 1

uirln| = —aR4(y1(n))
us[n| = —a(Qua(ya[n| — Raa(uzln — 1)) + Raaus[n — 1]))




Approximately Optimal Strategy
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Approximately Optimal Strategy

y|_1[9]_> C,[0] ?/I;[l]_) Cl1] y,-l C,[2] y|1[§ Cyls]
! w0 urld] 1[2] !
x[(:)] x[i] [%]*%x%ﬂ%ﬁ ls+1] o
| upl0] ! usfl] | 2l
AU EANCE T B yols] L2

1-Stage Signaling
(Witsenhausen’s Counterexample)

1-Stage Signaling Strategy Lgig 1

—aRq(yi[n])
ug[n| = —a(Qud(y2([n| — Raaluz[n — 1)) + Rag(ug[n —1)))

£
El
||



Approximately Optimal Strategy

y|_1[9]_> C,[0] ?/I;[l]_) G| yl_1 2]9 C,[2] y,-l[§]9 Cy[s]
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1-Stage Signaling s-Stage Signaling

(Witsenhausen’s Counterexample)

s-otage dignaling Strategy Lgg
u1ln] = —aRq(y1[n])
upln] = —a(Qualyaln] — Raa( Y | a'ugln — i)
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Approximately Optimal Strategy

| wil (2] |
| | |
| L 2] I x[f]
: | Lwil | Lwl) |
—r— C 0 L= = L — C 2 —r—
Yo O]> ,[0] n [1]> C,[1] y2|['2]> »[2] y2[8]>

Radner’s Problem
(0-Stage Signaling is impossible)

Linear Strategy Ly,
uiln| =0

us|n| = —ays|n| o

1-Stage Signaling
(Witsenhausen’s Counterexample)

s-Stage Signaling

ui|n| = —ayi|n]




Approximately Optimal Strategy

rn + 1] = ax|n| + ui|n] + usn] + win|
o] = o] + uln

ya[n] = z[n] + valn

Theorem [Park and Sahai, 2012]

There exists ¢ < 6 - 10° such that for all |a| > 4, q, r1, 7o,
Ow, Opl, Op2

inf limsupy > Elgz?[n] + rui[n] + roui(n]]

u1,u2E Liin U UsLsig,s N—00 0<n<N

: : 1 2 % 2 sc
inf limsups Y, Elgz?[n] + riuin]| + rusn)]

UL N—soo = 0<n<N



Slow Dynamics Case (When |a|<4)

* SNR(Signal-to-Noise Ratio) for implicit
communication between two controller is
bounded by |a].

* Single Controller Linear Strategy is optimal
within a constant ratio.

* Unlike Fast Dynamics Case, we need Kalman
filtering estimator.



Single Controller Optimal Strategy

Average Cost:
mf— Z E[qx?[n] + ru’n]|
O<n<N
Power-Distortion Tradeoff:

p) :i%% S Elzn]

0<n<N

5., % > Ep’n)] <P

0<n<N



Power-Distortion Tradeoff: When 1<|a|<4

Conceptual Picture of the Tradeoff Curve

zn + 1] = ax[n] + uln| + wn|

D(P) yln] = z[n] + v[n]
Achievable 1 )
1 . D(P) :lgfﬁ Z E[z*[n]]
______ <n<N
a? — 1 | Iz 1 )
| / st~ > Ep] <P
! 0<n<N
DI |eeee- ------------ . Y r: Kalman Filter
Not Achievable Performance

a® — 1

P
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Power Limited Information Limited




Power-Distortion Tradeoff: When |a|=1

Conceptual Picture of the Tradeoff Curve

D(P) zn + 1] = ax[n] + uln| + wn|
yln| = x[n] + v(n]

Achievable 1
1 D(P) :igfﬁ Z E[2z%[n]]

F 0<n<N
1
/ st~ > Elulfnl) < P
0<n<N

D ; Y. Kalman Filter
Not Achievable: Performance
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Power-Distortion Tradeoff: When |a|<1

Conceptual Picture of the Tradeoff Curve

D(P) zin + 1] = azx[n] + un] + w(n]
yln| = z[n| +vin|
D(P) :12% S Bl

0<n<N

s.t.% S Efuln]] < P

0<n<N

1 Achievable

2E ; > . Kalman Filter
NotiAchievabIe Performance

1 —a’ 1

F —

Power Limited Information Limited




Approximately Optimal Strategy

Linear Strategy Ly,

ui[n] =0 . upn| = —kE|[z|n|[y]]
ug|n| = —kE[z[n]|y;] ug|n| =

Theorem [Park and Sahai, 2012]

There exists ¢ < 6-10° such that for all |a| < 4, g, r1, 79, 0w,
Oul, Ou2

nf limsupy Y. Elgz?[n] + ruf

u1,u2€ Lyip N—00 0<n<N

n] + ryus[n]]

5 S C

1]+ raug[n]]

inf limsup~ Y. Elgz?[n] + ru?
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Conclusion

MIMO Communication Problem Decentralized Scalar LQG Problem
_Y L zn + 1] = az[n| + ui[n] + ugn] + wn|
y1in] = x[n] + vi[n]

X T X
1Y 2 il yoln] = aln] + vl

U
Linear Super-position of Signals, Gaussian Disturbance

Divide Cases: Divide Cases:

How we get the Information for

(1) High-SNR (Signal-to-Noise Ratio) control?

- d.o.f. gain (rank of signal) is
important

1) Fast Dynamics
- Rank maximization scheme (1) y

- Implicit Communication from the

other controller
(1) Low-SNR (Signal-to-Noise Ratio)

- Beam-forming gain (power of
signal) is important

- Maximum-Ratio combining
scheme

(2) Slow Dynamics
- Kalman filtering gain is crucial




Conclusion

Centralized LQG Problem

r|n + 1] = Axn| + Bu|n| + w|n]
yln| = Czn] + v[n]

* Finite-Dimensional Solution

* Estimation-Control Separation

Decentralized Scalar LQG Problem

z[n + 1] = az[n] + ui[n] + us[n] + win]
y1[n] = xn] + vy |n]
yo[n] = x[n] + va[n]

* Finite-Dimensional
Approximated Solution

 Estimation-Control Separation
and

Implicit Communication
Strategy



Centralized LQG Problem Decentralized LQG Problem
z[n + 1] = Az[n] + Buln] + w[p] |71 Akl Braldeees Buin + i

y1[n] = Cix[n] + v1[n)
yln] = Cz[n| + v[n] :

‘ y[n]

é/m [n] = Chz[n] + vy[n]

y[n]

 Z Yd [n]

v u[n] Vu[n]
Communication-Estimation-Control

Separation

Estimation-Control Separation



 Thank you



