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What is the Most General “Passive” Suspension?

Conceptual step: replace the spring and damper with a “black-box”.

Passive

o

Mechanism

Can we characterise the properties of the “most general” such mechanism?
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Force-current analogy

Mechanical Electrical

F F i i

" " spring inductor
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2 Vi= mass capacitor.
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2 ! damper resistor

Mass element only has one terminal—a fundamental restriction for synthesis.
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Question

Is it possible to construct a physical device such that the relative
acceleration between its endpoints is proportional to the applied
force?

F=b(i—i)

Yes! A new word “inerter” was invented to describe such a device.

M.C. Smith, 2002, Synthesis of Mechanical Networks: The Inerter, IEEE Trans. on Automat.
Contr., 47, 1648-1662.
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Ballscrew inerter made at Cambridge University
Engineering Department (2003) - flywheel removed

Mass ~ 1 kg, Inertance (adjustable) = 60-180 kg
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Mechanical Network Synthesis

Theorem

It is possible to build a passive mechanism
of small mass whose impedance
(velocity/force) is any rational postive-real
function.

Proof
Bott-Duffin, force-current analogy + ideal
inerter: F = b(¥; — ¥2), where physical
embodiments must satisfy:

» Inertance b (kg) is independent of mass;

» Inertance is independent of travel.

Ms

f

Passive
Mechanism

!

my
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Synthesis methods

LC only:

» Foster (1924)
RCand LC:

» Cauer et al.
RLC + transformers:

» Brune (1931)
» Darlington (1939)
» Youla and Tissi (1966)

RLC only:
» Bott and Duffin (1949)
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Driving-point impedance and admittance

Electrical
Network

Admittance = Y(s) = i(s) /9(s). Impedance = Z(s) = Y(s) L.
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Foster’s Reactance Theorem (1924)

The most general driving-point impedance of a network containing capacitors,
inductors, transformers, mutual inductance is:

+1
(s2+w12)(s2+w32)...(s2+(022ni1)

s(s2+ @3) (s> + @F)... (s> + ®3,)

Z(s) =

where k> 0and 0 < 0 < w,....

Proof analogous to a problem in mechanics solved by E.J. Routh (Advanced
Rigid Dynamics, 1905).

Ly Cy
Foster
canonical ba G - L] | b LiJ &
0 8
forms Ls Cs cy e, [
L, Cy

R.M. Foster, “A Reactance Theorem”, Bell System Technical Journal, vol. 3, pp. 259-267, 1924
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Foster and Cauer

The most general driving-point impedance of an RL network is:

(s+01)(s+03)...
(s+02)(s+o04)...

Z(s)=k

where k > 0and 0 < 0 < 0> ..., [relative degree| < 1.

Follows from Foster’s reactance theorem using Cauer’s square root

transformation: s = p.

Cauer’s first form:

Z(s}=1+; °—’\N\/—-|:"‘VVV—-L
5 1
2y
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Otto Brune

SYNTHESIS OF A FINITE TWO-TERMINAL NETWORK
WHOSE DRIVING-POINT IMPEDANCE IS A
PRESCRIBED FUNCTION OF FREQUENCY

By O110 BRUNE!

Contexts

Part I. Introduction. .
Statement of the Proble:
. Contributions of Previot
Necessary Conditions to be satisfied by t]

of a Passive Network
Part L. Properties of * Positive R
+ Definition B

@R

. Theorems P -
Part I11. Synthesis of Networks with Prescribed Impedance Function. 208
. Functions with not more than two poles in the interior of the

left half plane 208
2. General Procedure. . . 218
3. Discussion of networks obtained. . 225

Part IV. Extension of the Method to the Determination of umu..
Equivalent Networks
Change in Order of Procedure. ...
. Consideration of “Imaginary Frequencies.”
Relation to Equivalent Networks obtained by affine trans-
formation of Quadratic Forms.. 232

W

Parr I. INTRODUCTION

1. Statement of the Problem
In the well known methods of analysing the performance of
linear passive electrical networks with lumped network elements
it is usual to derive from the given structure of the network a
scalar function Z(\) known as the impedance function of the
network; this function determines completely the performance
* Containing the principal results of a research submitted for a doctor's

degree in the of Electrical Institute
of Technology. The author is indebted to Dr. W. Cauer who suggested this
research,

191

Ground-breaking paper (1931).

(1) Introduced the notion of a
positive-real function.

(2) Showed that the impedance
of a passive network must be
postive-real.

(3) Showed that any positive-real
function could be realised as the
impedance or admittance of a

network  comprising  resistors,
capacitors, inductors and trans-
formers.
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Foster preamble for a positive-real Z(s)

Removal of poles on jR U {e}

L
Z=sL+21, (Zprope W‘H

Removal of zeros on jR U {eo}
Z= (gt +Y -
e
1

Subtract minimum real part

Z=R+2, M

Not necessarily a unique process

Lund, 15 October 2014
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Minimum functions

A minimum function Z(s) is a positive-real function with no poles or zeros on
JRU {eo} and with the real part of Z(j®) equal to 0 at one or more frequencies.

ReZ(jw)
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The Brune Cycle

Let Z(s) be a minimum function with Z(jw,) = jX; (@, > 0).
It can be shown that the following decomposition is possible with Z;
positive-real of lower degree than Z.

Ly L3

L, >0

C,>0

Problem: sign(L;L3) < 0.
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To Remove Negative Inductor:

L1 Ls
L, Lp =L+
Li=1,+13
M=1L,

It turns out that: L,,L; > 0 and % = 1 (unity coupling coefficient).

Realisation for completed Brune cycle:

M
z(9) LP%LS Zy(s)
C2T
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Darlington synthesis

Darlington showed that any positive-real Z(s) could be realised by a lossless
two-port (containing inductors, capacitors and transformers) terminated in a

single resistor.

Z(s) V1 Lossless
network

Vo
RQ

Darlington, S., ”Synthesis of reactance 4-poles which produce prescribed insertion loss characteristics,” J. Math.

Phys., Vol. 18, 257-353, Sep. 1939.
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Synthesis via reactance extraction

Letlj=---=C;=---=1.1If
sla = M Mo
( My M
L : is the hybrid matrix of X, i.e.
Nondynamig :
Z(s) Network . v Y (i
X 1’2 vy ’
= . ——
T %1 then
Z(S) =M _M12(51+M22)_1M2| .

D.C. Youla and P. Tissi, “N-Port Synthesis via Reactance Extraction, Part I”’, IEEE International Convention
Record, 183-205, 1966.
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R. Bott and R.J. Duffin showed
that transformers were unnecessary
in the synthesis of positive-real
functions. (1949)
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Bott-Duffin Construction

If Z(s) is positive-real then

kZ(s) — sZ(k)

RS =z =520

is positive-real for any k£ > 0 (Richard’s transformation).

If Z(s) is a minimum function with Z(j;) = jX; (w; > 0). (Assume X; > 0.)
Then we can find a k s.t. R(s) has a zero at s = jo,.
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Bott-Duffin Construction (cont.)

We now write:
kZ(k)R(s)+Z(k)s _ kZ(k)R(s) Z(k)s
k+sR(s) ~ k+sR(s)  k+sR(s)

Z(s) =

N
XW
=
2Ol N
AN
06

Lund, 15 October 2014

20




A survey of classical and recent results in RLC circuit synthesis M.C. Smith

Bott-Duffin Construction (cont.)

A 1 _ s 1
We can write: 7ygr = const X pew + 7 et

0(Z1(s)) = 8(Zy(s)) = 0(Z(s)) — 2 where 6 = (McMillan) degree.
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Enumerative approach—Ladenheim’s master’s thesis
(1948)

Ladenheim considered all networks with at
most five elements and at most two reactive
elements, and reduced the whole set to 108
networks (1948).

Questions not answered:

» What is the totality of biquadratics

which may be realised?

» How many different networks are
needed?

Lund, 15 October 2014
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New approach - the concept of a regularity

A positive-real function Z(s) is defined to be regular if the smallest value of
Re (Z(jo)) or Re (Z~!(jw)) occurs at @ = 0 or @ = oo.

Theorem

106 out 108 Ladenheim networks are regular.

6 series-parallel networks are a “generating set” for these 106 regular networks.
2 remaining bridge networks do not realise all the remaining biquadratic
positive-real functions.

J.Z. Jiang and M.C. Smith, 2011, Regular Positive-Real Functions and Five-Element Network Synthesis for Electrical and Mechanical Networks, IEEE Trans
on Automat. Contr., 56, pp. 1275-1290.
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Network quartets

S<—>S_1

dual
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Canonical Form for Biquadratics

242U Ws+W
2+ (2V/VW)s+1/W

(U,V,W > 0)

Positive-real boundary: o, =0
Regular region: A. > 0 or /'LCT >0,

>

) A=0
M=o
1
%4% Z
0 <0
— |
0
0 2
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Bott-Duffin construction again

As*+Bs+C
z(s):&
Ds?+Es+F

General form of Bott-Duffin realisation for a biquadratic:

3 capacitors, 3 inductors and 3 resistors!!
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Recent result

T.H. Hughes and M.C. Smith, On the minimality and uniqueness of the
Bott-Duffin realisation procedure, IEEE AC-Transactions, vol. 59, 1858-1873,
July 2014.

Shows that 6 reactive elements are necessary for series-parallel
realisation of a biquadratic minimum function.
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Sketch of proof

Assume Z(s) = p.r. minimum function = Z; (s) + Z(s) (series). Then

Re(Z(jan)) =0 = Re(Z (jan)) =0, @
Z; has no poles on jR U {eo}. @

W+Q) = #z)>2

where # = no. of reactive elements in a s.p. realisation.

)
+C°0
+ and#(Z,)=2 = Z true zero
@ @ @) 1s) = As+Ba)0s+A2(uZ )

Uipven ]

Hence, #(Z) =#(Z,) +#(Z,) > 5.

Lund, 15 October 2014

28




A survey of classical and recent results in RLC circuit synthesis

M.C. Smith

Rest of talk based on the recent paper:

T. H. Hughes and M. C. Smith, Algebraic criteria
for circuit realisations, Mathematical System Theory—
Festschrift in Honor of Uwe Helmke on the Occasion
of his Sixtieth Birthday, Knut Hiiper and Jochen Trumpf
(eds.), CreateSpace, 2013, pp. 211-228.
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Synthesis via reactance extraction
Letlj=--=Ci=--=1.1If
My M
M =
sy < My My
is the hybrid matrix of X, i.e.
Nondynamig v i
Z(s) Network v | = M| i
X b 1)
-] I
T then
Z(s) = My — Mo (s + M) ™' Ma,

D.C. Youla and P. Tissi, “N-Port Synthesis via Reactance Extraction, Part I, IEEE International Convention

Record, 183-205, 1966.
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Hankel matrix
Assume Z(s) is proper and is realised with p inductors and g capacitors.
Suppose n = deg (Z(s)) = p + g (minimally reactive). Let

hy h  h

0
Z(s)=h_1+—+—=+—5+...
(s) 1+S+S2+S3+
and define the finite Hankel matrices
/’lo ]’ll .. hk—l
hy hy ... hy,
= . . )
he—r he ... hyo
Then
A=V, (—A’IZ) VI
where
A = diag{Ll,...,Lp,Cl,...,Cq}
T o= (-1

Vo non-singular
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Signature of the Hankel matrix
For the (proper) impedance
ho hi
Z(S):h*l+?+s72+s73+"'
where n = deg (Z(s)). Then
p = #inductors = #neg. eigs. of J7,
q = #capacitors = # pos. eigs. of 77,
Algebraic condition:
q=P(1,|A4|,...,|74)]),
p=V(L|],....| ]
where P(,...,-) is the number of permanences of sign and V(-,...,-) is the

number of variations of sign in the sequence.

Lund, 15 October 2014
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Cauchy index

For a proper impedance Z(s) ...

Corollary 1. ¢ — p = 6 (7,) where o denotes the signature.

Corollary 2. ¢ —p = I"2Z(s) where I"ZZ(s) is the difference between the
number of jumps of Z(s) from —eo to 4-o0 and the number of jumps from oo to
—oo as s is increased in R from —oo to 400 (Cauchy index).
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Sylvester matrix

Write

Z(s) =

b(s)

Define the Sylvester matrices

Fye= |0

0
0

bnfl
an—1
b

an

0
0

a(s)  aps"+ap_1s" ' +... +ag

by k11
An—k+1
bu—k12
ap—k+2

by
dn

Then |.%%| = b2¥| 4| (Gantmacher).
Also, |-#5,| = resultant of a(s) and b(s).

bnfk

An—k
bp—k+1
An—k+1

bust +by_1s" L+ . +by

by—2k+1|
Ap—2k+1
bu-ori2
An—2k+2
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Biquadratic functions

2
azs”+ais—+aop
(s) = —F—.
(s) bys?+bis+ by

|<5ﬂ2| = bza] —b]az, |<74| = (bzd] —blaz) (b]ao — boal) — (bza() —boaz)z.

q :P(17|y2|a ‘y4‘)7
p=V(1,|A],[.7]).

Corollary. Whether the reactive elements are of the same or different kind is
determined by the sign of the resultant |-7%].

Stated (without proof) by Foster (1962), as noted by Kalman (2010).
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Thank you!
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