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Primal and Dual Stability Criteria

Γ

H

v w

Multiplier characterization

ΠΓ ⊂ {Π ∈ S2n×2n
C : Γ∗Π11Γ + Γ∗Π12 + Π∗

12Γ + Π22 ≤ 0},

• Complete characterization is usually difficult to find or use.

• Convexifying assumptions convenient to use.



(a) Primal condition: For every ω ∈ [0,∞] there exists
Π ∈ ΠΓ(jω) such that

[

I
H(jω)

]∗

Π

[

I
H(jω)

]

> 0 (1)

(b) Dual condition: For every ω ∈ [0,∞] we have

[

I
H(jω)

]

Z
[

I
H(jω)

]∗

6∈ Π	
Γ(jω) (2)

for all Z ∈ Sn×n
C such that Z ≥ 0 and tr(Z ) = 1.



Large Scale Interconnected Systems

1

2

3

4

5

6

7

H4 w4v4
⇐⇒

Γ

H

• H:







H1

. . .
Hn







• Γ: interconnection

operator.

• Explore structure to reduce computational complexity.

• Graphical interpretation of stability criterion.
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• Γ: interconnection

operator.

• Focus on the case when Γ is normal.



Identical Multipliers for all Subsystems

ΠΓ,id =

{[

π11In π12In
π∗

12In π22In

]

∈ S2n×2n
C : Γ∗Γπ11 + Γ∗π12 + π̄12Γ + π22 ≤ 0

}

,

Π	
Γ,id =

{[

W11 W12

W ∗
12 W22

]

∈ S2n×2n
C :

[

tr(W11) tr(W12)
tr(W ∗

12) tr(W22)

]

∈ cone

{[

|λk |
2 λk

λ̄k 1

]

: λk ∈ eig(Γ)

}}



Descriptive power of the multipliers

ΠΓ,id =

{[

π11In π12In
π∗

12In π22In

]

∈ S2n×2n
C : Γ∗Γπ11 + Γ∗π12 + π̄12Γ + π22 ≤ 0

}

,

Re s

Im s

Re s

Im s Im s

Re s

π11 ≥ 0 π22 ≤ 0π22 ≤ 0

Robustness Less conservative
Exact eigenvalue description

Requires homotopy
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Robust Nyquist Criterion (π11 ≥ 0 and π22 ≤ 0)

Proposition

The feedback interconnection is stable if

(i) eig(Γ(jω)) ∈ Λ := co{λ1, . . . , λn}, ∀ω ∈ R ∪ {∞},

(ii) N [H1, . . . , Hn](ω) ∩ Ω = ∅, ∀ω ∈ R ∪ {∞},

where the extended Nyquist polytope is defined as

N [H1, . . . , Hn](ω) =

co{(Re Hk (jω), Im Hk (jω), |Hk (jω)|2) : k = 1, . . . , n}

and the instability region

Ω =

{

α · co

{(

Re
1
λk

, Im
1
λk

,
1

|λk |2

)

: λk 6= 0
}

+(0, 0, θn+1) : α ≥ 1, θn+1 ≥ 0}



Re s

Im s

|s|2

Ω

N [H1, H2](ω)

C1

C2



Generalized Nyquist Criteria (π22 ≤ 0)

Proposition

The feedback interconnection is stable if

(i) eig(Γ(jω)) = {λ1, . . . , λn}, ∀ω ∈ R ∪ {∞},

(ii) N [H1, . . . , Hn](ω) ∩ Ωe = ∅, ∀ω ∈ R ∪ {∞},

(iii) ∃H0 ∈ A such that H0(jω) ∈ co{H1(jω), . . . , Hn(jω)},
∀ω ∈ R ∪ {∞} and (I − H0Γ)−1 ∈ An×n,

where the extended Nyquist polytope is defined as

N [H1, . . . , Hn](ω) =

co{(Re Hk (jω), Im Hk (jω), |Hk (jω)|2) : k = 1, . . . , n}

and where the instability region is

Ωe = co

{(

Re
1
λk

, Im
1
λk

,
1

|λk |2

)

: λk 6= 0
}

+ (0, 0, R+).



Re s

Im s

|s|2Ωe

Ωe0
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G2



Comments

• The primal criterion has an equivalent time-domain
formulation

• Applies to time-varying and nonlinear systems.
• Looses the duals graphical interpretation.
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Application I: Consensus Networks

ẏk = pk ∗
∑

l∈Nk

(yl − yk ), k = 1, . . . , N

• Nk denotes the set of neighbors of node k .

• pk is the convolution kernel corresponding to an stable
linear system Pk ∈ A with Pk (0) > 0.



Re s

Im s

λ1

λ2

λ3

λ4

λ5

λ6

λ7

−η

Proposition

Suppose

(i) eig(Γ) = {λ1, λ2, . . . , λn}, where

Re λn ≤ Re λn−1 ≤ . . . ≤ Re λ2 < λ1 = 0

(ii) N [H−1
0 , H−1

1 , . . . , H−1
n ](ω)∩co{(λk , |λk |

2), k = 1, . . . , n} = ∅,
∀ω, where

H0(s) =
1
s

Hk (s) =
1
s

Pk (s)

Then y(t) → span{1}.



Re s

Re s

Im s

Im s

|s|2

Ω̂e

Ω̂e0

N [H−1
0 , H−1

1 , . . . , H−1
4 ](ω)

co
[

1
H0

, 1
H1

, . . . , 1
H4

]

(ω)



Application II: Internet Congestion Control
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The General Case

Dynamics around the equilibrium point.

link
control

source
controlG1

G2

Gn

F1

F2

Fm

−R(s)

R(−s)T

H(s) =

[

G(s) 0
0 F (s)

]

, Γ(s) =

[

0 R(−s)T

−R(s) 0

]



Identical Multipliers for all Subsystems

ΠΓ =

{[

π11In π12In
π∗

12In π22In

]

: Γ∗Γπ11 + Γ∗π12 + π∗
12Γ + π22 ≤ 0; π22 ≤ 0

}

,

Re s

Im s

1

i

−i

|s|2

Ω

i√
λmin

− i√
λmin



Exploring the Bi-Partite Structure Using Multipliers

G F

−1

1

H(s) =

[

G(s) 0
0 F (s)

]

, Γ(s) =

[

0 1
−1 0

]

The multipliers

ΠΓ =























x1 y
x2 ȳ

ȳ −x2

y −x1









: x1, x2 ≥ 0; y ∈ C















leads to a dual with the frequency domain interpretation

G(jω)K (jω) 6∈ (−∞,−1]
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Summary

• Primal stability condition
• Multiplier-based criterion.
• Time-domain interpretation generalizes to LTV and

nonlinear systems.

• Dual stability condition
• Robust Nyquist-type criteria in three dimensions
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